Nonorthogonal multiple access (NOMA) is a technique with high spectral efficiency that is expected to be applied in future wireless networks. However, its high spectral efficiency comes at the expense of increased error in data detection. This paper presents theoretical error analysis of a downlink powerdomain NOMA-based visible light communication (VLC) system with higher order modulation schemes in which the scenario of imperfect successive interference cancellation (SIC) is considered. Exact closedform expressions for the symbol error rates (SERs) of the users are derived when the modulation is the square quadrature amplitude modulation (QAM). The derived expressions are applicable to any modulation order of each user. In addition, a necessary and sufficient power allocation (PA) constraint is provided for NOMA with higher order modulation to ensure that the decision regions of the symbols in the superimposed constellation do not intersect or overlap. The simulation results support the theoretical analysis and the accuracy of the derived expressions. The results demonstrate that the user SER in NOMA-based systems can be minimized with a suitable PA that depends on the modulation orders of the users.
I. INTRODUCTION
Future wireless networks will require high spectral efficiency, high throughput, and massive connectivity to keep up with the tremendous growth of the demand for wireless data transmission. These requirements are becoming difficult to satisfy using the current radio frequency (RF) band as it becomes increasingly saturated [1] . Recently, visible light communication (VLC) has been considered as an efficient alternative to indoor wireless communication due to its wider bandwidth, which does not interfere with the RF spectrum; its ability to provide ubiquitous connectivity; and its energy efficiency [2] .
The requirements that are specified above for future wireless networks can be satisfied by VLC if an efficient multiple-access scheme is utilized [3] . One of the most promising multiple-access schemes, which was recently proposed, is nonorthogonal multiple access (NOMA), which is characterized by high spectral efficiency. In NOMA, multiple users can share the same time/frequency resource block;
The associate editor coordinating the review of this manuscript and approving it for publication was Syed Mohammad Zafaruddin. hence, massive connectivity and high throughput can be realized. NOMA employs multi-user superposition transmission (MUST) at the transmitter and a multi-user detection (MUD), such as successive interference cancellation (SIC), at the receiver [4] .
Many studies have been reported in the literature on the application of NOMA technology in VLC. According to [5] , [6] , NOMA is suitable for downlink VLC systems for several reasons: First, a VLC cell can support a small number of users, which limits the inter-user interference in NOMA. Second, the estimation of the channel in VLC systems is easier since the channel remains constant most of the time. Thus, NOMA can use the channel state information to implement the power allocation at the transmitter and the interference cancellation at the receiver.
To further increase the spectral efficiency of NOMAbased VLC systems, higher order modulation schemes, such as quadrature amplitude modulation (QAM), can be used. Since indoor VLC is based on intensity modulation/direct detection (IM/DD) [7] , QAM cannot be directly implemented for VLC because it results in complex-valued and bipolar symbols. To overcome this issue, we can use one of the optical orthogonal frequency division multiplexing (O-OFDM) techniques through which a real-valued time-domain signal can be obtained by using the concept of Hermitian symmetry [8] . Then, a unipolar time-domain signal can be obtained by adding a positive direct current (DC) to the OFDM signal, such as in the direct-current O-OFDM (DCO-OFDM), or by enabling transmission on odd subcarriers only, such as in asymmetrically clipped O-OFDM (ACO-OFDM) [9] .
The realization of massive connectivity and high spectral efficiency in NOMA systems comes at the expense of increased error in data detection due to the inevitable inter-user interference [10] . Without careful power allocation (PA), the use of NOMA with higher order modulation could increase the effects of the inter-user interference on the transmitted signal. In this paper, we identify a necessary and sufficient PA constraint for the feasibility of NOMA when higher order modulation is used.
Although NOMA has been extensively explored in the literature, most NOMA-based VLC studies consider lower order modulation schemes and assume perfect SIC. Therefore, the error performance of NOMA-based VLC systems with higher order modulation remains an open issue that must be carefully addressed.
A. RELATED WORK
Many studies have been reported in the literature on the application of NOMA technology in VLC. The NOMA-based VLC was proposed in [5] , where the authors proposed the gain ratio power allocation (GRPA) method. In [11] , Haas et al. found that NOMA can always increase the throughput of LiFi (light-fidelity, which is a fully networked VLC system) networks. They also found that NOMA can improve the performance of attocell edge users without significantly affecting the performance of other users. In [12] , the authors proposed a normalized gain difference power allocation (NGDPA) method for a 2 × 2 MIMO-NOMAbased VLC system and demonstrated that it outperforms GRPA in terms of the system sum-rate. Enhanced PA for OFDM-NOMA-based VLC with an arbitrary number of multiplexed users has been proposed in [13] . Power optimization has been performed at both the user level and the subcarrier level. The results demonstrated an enhancement in the system sum-rate compared to the GRPA algorithm. The authors in [14] , [15] derived closed-form expressions of the system coverage probability and the ergodic sum rate. The probability that the individual rates are higher in NOMA than in OMA has also been derived.
To avoid the SIC process and to improve the performance of the NOMA-based VLC system with M-QAM, the authors in [16] proposed an algorithm for data detection: the ergodicity and comparison (EAC) algorithm. In [17] , a flexiblerate SIC-free NOMA technique for downlink VLC systems has been proposed that uses the concepts of constellation partitioning coding (CPC) and uneven constellation demapping (UCD). The effect of the error propagation that results from imperfect SIC can be efficiently mitigated. In [18] , the authors proposed symmetric superposition coding (SSC) and symmetric SIC (SSIC) decoding for a NOMA-based VLC system. Using SSC and SSIC, some of the second-user adjacent decision regions will have the same symbol. Hence, the effect of the error propagation is mitigated. Although this study showed enhancement of the performance of the system, it did not identify the PA that guarantees the best performance.
A closed-form expression for the bit error rate (BER) of a single-light-emitting diode (LED) downlink NOMAbased VLC system with on-off keying (OOK) has been derived under perfect channel state information (CSI) in [19] , [20] . Moreover, a simple and accurate approximation for the upper bound under noisy and outdated CSI has been derived. In [21] , the authors derived a mathematical expression for the SER of a multi-LED downlink NOMA-based VLC system. The authors in [22] derived BER expressions for NOMA-based VLC with M-ary phase shift keying (PSK) that are based on a bitwise-decision axis and signal space. The derived expressions hold for any modulation order.
In [23] , the pairwise error probability (PEP) of NOMA systems was investigated over Nakagami-m fading channels. PEP expressions are derived and used to derive an exact union bound on the bit error rate (BER). In [24] , the BER performance of downlink NOMA systems over Nakagami-m fading channels was investigated. They considered two scenarios: 2-user NOMA and 3-user NOMA. In both [23] and [24] , the derived BER expressions are for the quadrature phaseshift keying (QPSK) scheme. In contrast to [23] and [24] , this paper investigates the performance of downlink NOMA-based VLC systems with higher order modulation schemes. A more general scenario is considered, in which the users' signals are generated by square M-QAM. The derivation of the user SER is straightforward and is applicable to any M 1 and M 2 values. Furthermore, the analysis that is introduced in this paper can be extended to other NOMA-based communication systems.
B. CONTRIBUTIONS
In this paper, we provide an error analysis for NOMA-based VLC systems with higher order modulation. The imperfect SIC case has been considered and computer simulations have been conducted to evaluate the accuracy of the theoretical analysis. The main contributions of this paper are summarized as follows:
• SER Analysis: We derived exact closed-form expressions for the user SER in a two-user NOMA-based VLC system if the symbols of each user are generated using any square M -QAM. The imperfect SIC case has been considered.
• PA constraint: We demonstrated how improper PA could cause the users' symbols to overlap in the superimposed constellation, which will render the symbols indistinguishable. We derived a general mathematical formula for calculating the value of the PA coefficient that causes the overlap in the superimposed constellation. Based on that, we provided a necessary and sufficient PA constraint in higher order modulation NOMA for ensuring that the symbols of the users do not overlap in the superimposed constellation.
• Optimal PA: We derived a mathematical formula for identifying the optimal PA, namely, the PA that minimizes the SER of the second user, which is the strong user. The derived PA represents the optimal trade-off between reducing the interference to decode the firstuser signal and reducing the effect of the noise to decode the second-user signal.
• Modulation Order Effect: We explain how the modulation order of each user plays an important role in determining the PA that ensures the quality of service that is required for both users. We also demonstrate how the optimal PA changes according to the modulation order of each user.
C. PAPER ORGANIZATION
The remainder of this paper is organized as follows:
In Section II, the system model of NOMA-based VLC with higher order modulation is described. In Section III, the user SER of square M -QAM in NOMA-based VLC systems is derived. Section IV proposes a PA constraint for higher order modulation NOMA-based VLC. The results are presented and discussed in Section V. Finally, Section VI presents the conclusions of this paper. O-OFDM with DC bias. Then, the LED converts the electrical signal into an optical signal. At the receiver, the first user will directly decode its signal from the received signal while regarding the second-user signal as noise. In addition, the second user will perform SIC to decode its signal. Fig. 2 presents an example of the constellation of the superimposed symbols when the first-user symbols are generated by 4-QAM with an average power of p 1 and the second-user symbols are generated by 16-QAM with an average power of p 2 . In the superimposed constellation, the constellation of the second user is replicated for each symbol of the first user. Each replica represents one symbol for the first user. Hence, the constellation of the superimposed symbols consists of
II. SYSTEM MODEL
In our analysis, we consider the special case of a rectangular QAM, which is called the square QAM. In the square QAM, the number of bits per symbol is an even number, or, simply, the modulation order is 4 q , where q ∈ {1, 2, · · · }. In the square M -QAM constellation, the in-phase and quadrature alphabets are expressed as follows [25] :
where m, n ∈ 1, 2, · · · , √ M /2 . The average energy is expressed as follows [26] :
Let s 1 and s 2 be the symbols of the first and second users, respectively. Let a 1 and a 2 be the PA coefficients of the two users. Then, s 1 is expressed as:
where A I 1 and A Q1 ∈ ±1, ±3, · · · , ± √ M 1 − 1 are the in-phase and quadrature alphabets, respectively;
is a normalization factor; and E s is the total average energy. Similarly, s 2 is expressed as:
where A I 2 and A Q2 ∈ ±1, ±3, · · · , ± √ M 2 − 1 and
The superimposed symbol is expressed as follows:
The received signal at user k is expressed as:
where k ∈ {1, 2}; g k = ηR k h k is the total channel gain for user k; η is the electrical-to-optical efficiency of the LED, R k is the responsivity of the photodetector (PD), and h k is the optical channel gain, which is expressed as follows [15] :
where m = −1/ log 2 cos 1/2 is the order of the Lambertian emission; A k is the effective area of the PD of the user; T (ψ k ) is the optical filter gain; and g (ψ k ) = r 2 / sin 2 ( k ) is the gain of the optical concentrator with a refractive index r. The noise n k follows the following Gaussian probability distribution function:
where µ and σ 2 are the mean and the variance, respectively. Here, we assume µ = 0 and σ 2 = N 0 /2, and we assume that g k is known at the receiver. Hence, the received symbol after equalization is:ỹ
whereñ k = n k /g k is the additive Gaussian noise that is scaled by the total channel gain. To simplify the notation, we let y k denote the equalized received symbol in the remainder of this analysis.
In the square QAM, there are three types of constellation symbols (points); corner symbols, edge symbols, and interior symbols. Let N c , N e , and N i denote the numbers of corner symbols, edge symbols, and interior symbols, respectively. For any square QAM, N c = 4, N e = 4(
III. SER ANALYSIS
In this section, we will determine the user SER when M 1 = 16 and M 2 = 16, and we will generalize the result for any M 1 and M 2 . When both users have a 16-QAM constellation, the superimposed signal will have a constellation with 256 symbols. 
A. SER FOR THE FIRST USER
To determine the SER for the first user, we must calculate the error probability in the detection of the first-user symbol for each symbol type. Fig. 3 presents the decision regions for four symbols of the first user on the first quadrant of the superimposed signal constellation, in which s 1 is an interior symbol, s 2 and s 4 are edge symbols, and s 3 is a corner symbol.
1) ERROR PROBABILITY OF THE INTERIOR SYMBOLS
The error probability in the detection of an interior symbol can be calculated as follows: First, we consider the interior symbol s 1 . The possible superimposed symbols that are associated with s 1 are presented in red in Fig. 3 and denoted by x i , i ∈ {1, 2, · · · , 16}. The superimposed symbol x i is expressed as:
where A I 2 i and A Q2 i ∈ {±1, ±3}. The probability of decoding s 1 correctly given that x i was sent can be calculated as follows:
where Pr c s 1 |x i I = Pr 0 < (y k ) < 2ξ 1 a 1 E s and Pr c s 1 |x i Q = Pr 0 < (y k ) < 2ξ 1 a 1 E s (·) and (·) are the real and imaginary operators, respectively.
Via (8), Pr c s 1 |x i I can be calculated as follows:
where N k , u i ,ũ i , and Q (·) are expressed as:
Similarly,
where v i andṽ i are expressed as:
Therefore,
Now, the error probability in the decoding of s 1 given that x i was sent can be calculated as:
u i and v i can take any of the following values:
where γ k = 2 g 2 k E s /N 0 . The expression for w i in (17) can be generalized to any M 2 as follows:
where A i is the alphabet of the second user constellation, which can be expressed as:
where i ∈ 1, 2, · · · , √ M 2 . According to (17) , the values of u i and v i satisfy the following: (20) Due to the symmetry of the constellation points x i around s 1 , the following relations hold: u 1 =ũ 4 , u 2 =ũ 3 , u 3 =ũ 2 , and u 4 =ũ 1 . Similarly, v 1 =ṽ 4 , v 2 =ṽ 3 , v 3 =ṽ 2 , and v 4 =ṽ 1 . Therefore, from (16) we obtain:
Pr e s 1 |x 1 = Pr e s 1 |x 4 = Pr e s 1 |x 13 = Pr e s 1 |x 16
Pr e s 1 |x 2 = Pr e s 1 |x 3 = Pr e s 1 |x 5 = Pr e s 1 |x 8
= Pr e s 1 |x 9 = Pr e s 1 |x 12 = Pr e s 1 |x 14
= Pr e s 1 |x 15
and Pr e s 1 |x 6 = Pr e s 1 |x 7 = Pr e s 1 |x 10 = Pr e s 1 |x 11
The probability of error in decoding s 1 can be calculated as follows:
Pr e s 1 |x i
Using (21), (22) , and (23), Eq. (24) can be reformulated as:
Eq. (25) can be generalized to any M 2 as follows:
2) ERROR PROBABILITY OF THE CORNER SYMBOLS
The error probability in the detection of a corner symbol can be calculated as follows: First, we consider the corner symbol s 3 . The possible superimposed symbols that are associated with s 3 are presented in green in Fig. 3 and denoted by z i , i ∈ {1, 2, · · · , 16}. The superimposed symbol z i is expressed as:
The probability of decoding s 3 correctly given that z i was sent can be calculated as follows: 
where
Then, the error probability in the decoding of s 3 given that z i was sent can be calculated as:
Therefore, the error probability in the decoding of s 3 can be calculated as follows:
Due to the symmetry of the constellation points z i around s 3 and using (17), we can reformulate (33) as:
Equation (34) can be generalized to any M 2 as follows:
3) ERROR PROBABILITY OF THE EDGE SYMBOLS
The error probability in the detection of an edge symbol can be calculated as follows: First, we consider the edge symbol s 2 . The possible superimposed symbols that are associated with s 2 are presented in blue in Fig. 3 and denoted by t i , i ∈ {1, 2, · · · , 16}. The superimposed symbol t i is expressed as:
The probability of decoding s 2 correctly given that t i was sent can be calculated by: 
The error probability in the decoding of s 2 given that t i was sent can be calculated as:
Due to the symmetry of the constellation points t i around s 2 and using (17), we can reformulate (39) for each t i as follows:
Pr e s 2 |t 1 = Pr e s 2 |t 13
Pr e s 2 |t 7 = Pr e s 2 |t 11
Hence, the error probability in the decoding of s 2 can be calculated by:
Pr e s 2 |t i
Pr e s 2 |t i (48) Substituting (40) -(47) into (48) yields:
Therefore, the error probability in the decoding of s 2 can be calculated by:
Equation (50) can be generalized to any M 2 as follows:
Finally, the SER for the first user can be calculated by: 
Substituting (26), (35), and (51) into (52) yields an expression for SER 1 , which is presented as (53), shown at the bottom of the next page. For high SNR values, the second term in the right-hand side of (53) becomes negligible. Therefore, (53) can be approximated as:
B. SER FOR THE SECOND USER
The SER for the second user can be calculated by:
where SER 2→1 is the SER for the second user for the detection of the first-user signal and SER 2→2 is the SER for the second user for the detection of its own signal after detecting and canceling the first-user signal successfully. SER 2→1 can be calculated via (56), which is presented at the top of the next page and can be obtained by replacing γ 1 in (53) with γ 2 . SER 2→2 can be calculated by replacing a 2 and M 2 in (56), as shown at the bottom of the next page, with 0 and 1, respectively. Then, we change the variables M 1 , ξ 1 , and a 1 to M 2 , ξ 2 , and a 2 , respectively. Therefore, SER 2→2 can be calculated via (57), as shown at the bottom of the next page. Finally, SER 2 can be calculated by substituting (56) and (57) into (55). For high SNR values, the second term in the righthand side of (57) becomes negligible. Therefore, (57) can be approximated by:
IV. PA CONSTRAINT
Most NOMA studies rely on the following PA constraint to ensure the successful decoding of users' signals: Although the condition in (59) is necessary, it is not sufficient. That is because the symbols in the superimposed constellation may overlap even if this condition is satisfied, especially when higher modulation orders are used. Hence, in a 2-user scenario, the power of the second user should not exceed a limit to ensure that the decision regions of the superimposed symbols do not overlap. This limit depends on the modulation order for each user, as we will show shortly. Fig. 4 presents three scenarios of the superimposed constellation when 4-QAM is used for first user and 16-QAM for the second user. In each scenario, various power values are allocated to the users. Fig. 4a presents the superimposed constellation when p 2 = 0.15. In this case, the replicas of the second-user constellation are far apart from each other; hence, it is easier to decode the first-user symbols. When p 2 = 0.238, as presented in Fig. 4b , the symbols in the superimposed constellation are all equidistant, and the superimposed constellation is similar to the standard QAM constellation with M = M 1 × M 2 . When p 2 = 0.357, as presented in Fig. 4c , the minimum distance of the second user symbols is increased. However, some of the symbols in the superimposed constellation start to overlap. In this case, it is difficult to correctly decode the first-user symbols.
A. MINIMUM PA FOR THE FIRST USER
To guarantee that the decision regions of the first-user symbols do not overlap, namely, that the points in the superimposed constellation do not cross the in-phase and quadrature axes, the following condition should be satisfied:
This condition ensures that the sum of the first-user symbol with alphabet A 1 = 1 and the second-user symbol with alphabet A 2 = A 2min is greater than zero. The first overlap in the superimposed constellation occurs when the symbol with the smallest real value and the symbol with the largest real value in two adjacent replicas are equal. Therefore,
Similarly, the second overlap occurs when
and the n th overlap occurs when
Thus, to avoid symbol overlap, the PA coefficient of the first user should be larger than the value that causes the first overlap.
B. OPTIMAL PA FOR THE SECOND USER
As the PA coefficient of the second user decreases, the minimum distance for the symbols of the second-user constellation decreases and the effect of the AWGN increases. In contrast, as the PA coefficient of the second user increases, the minimum distance increases, but the effect of the interference from the first user increases. Hence, the optimal PA for the second user is the PA that represents the best tradeoff between reducing the interference for the decoding of the first-user signal and reducing the effect of the noise for the decoding of the second-user signal. Therefore, the optimal PA for the second user is the PA with which all symbols in the superimposed constellation equidistant, namely, the optimal PA for the second user is the PA that makes the superimposed constellation similar to the standard square QAM constella-
The minimum distance between the symbols in the square QAM constellation is expressed as [25] : If we want the superimposed constellation to be similar to the constellation of the square (M 1 × M 2 )-QAM, the minimum distance of the second-user constellation and the minimum distance of the superimposed constellation should be equal. Therefore,
From (65) and (66), we obtain:
Since E 2 = a 2 E x and a 1 + a 2 = 1, the optimal PA for the second user is:
RESULTS AND DISCUSSIONS
In this section, the numerical and simulation results are presented for various modulation orders. The theoretical and simulated SERs of the first and second users are plotted in Figs. 5 and 6, respectively, with M 1 = 4 and M 2 = 4, 16, and 64. The PA coefficients are a 1 = 0.85 and a 2 = 0.15. According to Figs. 5 and 6, the simulation results perfectly match the theoretical results, which supports our analysis and the validity of the derived SER expressions. Figs. 7 and 8 show how SER 1 and SER 2 vary with the PA coefficient a 1 for various SNR values when M 1 = 4 and M 2 = 16. SER 1 decreases as the value of a 1 increases, which is expected in this case because the interference from the second user is reduced as a 1 increases. However, SER 2 begins to decrease to its minimum value as the PA coefficient a 1 increases and subsequently starts to increase again. SER 2 initially decreases because the interference is reduced as a 1 increases; hence, the second user can more accurately cancel out the interference from the first user during the SIC process. However, as a 1 increases further, the power that is allocated to the second user is decreased. Consequently, the AWGN effect on the signal of the second user increases. Therefore, SER 2 finally increases again. Fig. 9 presents the SER of the second user for various modulation orders. The optimal PA, namely, the PA that minimizes SER 2 , differs among the modulation schemes. Typically, in NOMA, the modulation order of the first user is smaller than the modulation order of the second user since the first user has poorer channel conditions. However, if the firstuser SNR is sufficiently high, it is possible to use a greater modulation order if the second user does not require a higher data rate. Table 1 summarizes the values of a 1 and a 2 that result in the first overlap in the superimposed constellation. The symbols start to overlap even if the condition a 1 > a 2 is satisfied. Hence, condition (59) for PA is not sufficient for a NOMAbased system with higher order modulation. Moreover, the PA depends on the modulation orders of the users. For example, if M 1 = 4, M 2 = 4 and the maximum allowed SER for the second user is 10 −4 , the suitable PA condition (from Fig. 9 ) is 0.75 < a 1 < 0.85. Then, according to the SNR for the first user, we can choose a suitable value of a 1 within this range. In contrast, if M 1 = 4, M 2 = 16 and the maximum allowed SER for the second user is 10 −4 , which requires a higher SNR, the suitable PA condition (from Fig. 9 ) is 0.74 < a 1 < 0.8. Table 2 summarizes the values of the PA coefficients that minimize the SER of the second user for various modulation orders. These PA coefficients are calculated via (68) and they agree with the optimal values of the PA coefficients in Fig. 9 , which supports the validity of the derived formulas. When M 1 = 4 and M 2 = 16, the superimposed constellation has the same number of symbols as when M 1 = 16 and M 2 = 4. However, the PA coefficients differ between the cases. This finding can be explained as follows: The constellation of the first user becomes denser, namely, the minimum distance decreases, as the modulation order of the first user increases. Hence, the addition of the noise and the interference from the second user will cause the first user to require a higher SNR, which corresponds to a higher PA coefficient.
VI. CONCLUSION
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